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By RobertG. Dorsch,RinaldoJ. Brun,andJohnL. Gregg

SUMMARY

Thepresenceof radomesandinstrumentsthatare sensitiveto water
filmsor iceformationsin thenosesectionof all-weatheraircraftand
missilesnecessitatesa knowledgeof the dropletimpingementcharacter-
isticsofbodiesof revolution.Becauseit is possibleto approximate
manyof thesebodieswithan ellipsotdof revolution,droplettrajec-
toriesaboutan ellipsoidof revolutionwitha finenessratioof 5 were

G computedforincompressibleaxisymmetricairflow. Fromthe computed
droplettrajectories,thefollowingimpingementcharacteristicsof the
ellipsoidsurfacewereobtainedandarepresentedin termsof dlmension-

d lessparameters:(1)totalrateof waterimpingement,(2)etientof
dropletimpingementzone,(3)distributionof impingiagwater,and (4)
localrateof waterimpingement.

INTRO13JCTION

All-weatheraircraftandmissilesfrequentlyhaveinstruments
locatedin thenosesectionof thefuselagethataresensitiveto im-
pingingatmosphericwaterdropletsandiceaccretion.For example,it
hasbeenfoundthattheoperationof an aircraftradarsystemlocated
in a noseorwingradomeis affectedby a layerof iceorwaterdis-
tributedovertheradomesurface.Therefore,it i~necessaryto evalu-
ate,forgivenflightconditions,the expecte&distributionof various
sizesof impingingwaterdropletsoverthenosesectionof theaircraft
or missile.In addition,problemssuchas thoseencounteredin theper-
formanceof externalarmamentduringflightin icingconditionsrequire
the evaluationof dropletimpingementonbodiesof revolutionin order
to determinewhereicetillform.

Althougha largevarietyofbodyshapesareusedforradomes,rocket
pods,andbombs,the impingementcalculationsmaybe madefora body
selectedto approximatea largegroupof thesepracticalshapes.A pro-
lateellipsoidof revolutionis a goodappro-tion formanyof these
bodies,andit hastheadditionaladvantageof a flowfieldthatis

v knownexactlyforincompressible,nonviscousflow.
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Thetrajectoriesof atmosphericwaterdropletsabout
ellipsoidof revolutionwitha finenessratioof 5 moving
velocitieswerecalculatedwiththe aidof a differential
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a prolate
at subsonic

●

analyzerat
theNACALewislaboratory.Fromthecomputedtrajectories,therate,
distribution,andsurfaceextentof implngi~waterwereobtainedand
aresummarizedin term of dimensionlessparametersin thisreport.

A

a

B

CD

d

dined

%

K

%ed

L

Re

ReO

SYMBOLS s
Thefollowingsymbolsareusedin thisreport:

R

semimajoraxis

dropletratius,ft

semiminoraxis

dragcoefficientfordroplets,dimensionless

dropletdiameter,microns

‘eO,med

r,z

ro

.b

volume-mediandropletdiameter,microns

collectionefficiency,dimensionless b

2~a2U
inertiaparameter,~, dimensionless

inertiaparameterbasedon volume-mediandropletdiameter,
dimensionless

majoraxisof ellipse,ft

localReynoldsnumberwithrespectto droplet,2apa~/p,
dimensionless

free-streamReynoldsnumberwithrespectto droplet,2apaU/p,
dimensionless

free-streamReynoldsnumberbasedon volume-mediandroplet
diameter,dimensionless

cylindricalcoordinates,ratioto majoraxis,dimensionless

startingordinateat z = -coof droplettrajectory,ratioto
majoraxis,dimensionless

‘O,tan startingordinateat
ellipsoidsurface,

z = -coof droplettrajectorytangentto
ratioto majoraxis,dimensionless
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Wm

Wp

distancealongsurfaceof ellipsoidfromforwardstagnation
pointto pointof dropletim@ngement,ratioto majoraxis,
dlmensionless

limitof impingement

the, see

zone,ratioto majoraxis,dimensionless

free-stresmvelocity,ft/see;or flightspeed,mph,whenindi-
cated

localair velocity,ratioto free-streamvelocity

localdropletvelocity,ratioto free-streamvelocity

ma@tude of localvectordifferencebetweenvelocityof drop-
letandvelocityof air,ft/sec

rateof impingementof water,lb/hr

totalrateof impingementofwateron surfaceof ellipsoid,
lb/hr

localrateof impingementof water,lb/(hr)(sqtt)

liquid-watercontentin cloud,g/cum

1/4focaldistanceof e121psoid

localimpingementefficiency,dimensionless

eccentricityof ellipsedefinedby a meridiansectionof
ellipsoidof revolution

prolate-ellipticcoordinates

viscosityof air,slugs/(ft)(sec)

densityof air,slugs/cuft

densityof water,slugs/cuft

timescale,tU/Ljdimensionless

Subscripts:

. r radialcomponent

z axialcomponent.
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ANALYSIS
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Theflowfieldaroundan ellipsoidof revolutionin a streammoving
in the directionof itsmajoraxisis axisymmetric.Therefore,the
dropletimpingementon theellipticalsecticmsof allmeridianplanes
is the same. Thu6,thedropletimpingementdistributionon an ellipsoid
of revolutioncanbe obtainedfromtrajectoriesin the z,rplane{fig.
l). The coordinatesz and r aredimensionlessandexpressedas ratio
of actualdistanceto majoraxislength L. Thedimensionlessequations 8of motionof thedroplettrajectoriesareof thesameformas those
derivedin reference1 andcanbe written 8

dvz C@e 1
——

F= 24 K (UZ - ‘Z) (la)

dvr
—=
dT * * (Ur - Vr)

where

K ~

and T . tU/L,andallvelocities
velocityto free-streamvelocity

TheRe~olds number
thefree-streamReynolds

fromtherelation

Re can
number

~ ~a2U
——
9@

arein theformof ratioof local
u.

be obtained

Reo = 2apaU/p

(lb)

(2)

convenientlyin termsof

(3)

r)~2 = (Uz- VZ)2+ (Ur- VJ2R% (4)

The coefficientof drag CD is a functionof Reynoldsnumber.The
value6of (!l)correspondingto variousvaluesof Rey-nold6numberare
obtainedfromexperimentaldragdata(ref.2).

Theairvelocitycomponentsforincompressiblenonviscousflow
abouta prolateellipsoidof revolutionare~btainedfromtheexact
solutionof Laplace!sequationin prolate-ellipticcoordinates(fig.2)

.
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givenby Lamb(ref.3). The detailsforobtainingthe velocitycom-
W ponentsin the z,rplanefromLambfepotentialfunctioninprolate-

ellipticcoordinatesaregivenin appendixA. The z and r com-
ponentsof theair velocityfieldcanbe expressedin theform

and

where

@-

‘c=
-*

(5)

(6)

The constant c is the eccentricityof the ellipsedefinedby the
meridiansectionof theellipsoidof revolution.Foran ellipsewith
finenessratioof 5, e.=. Equations(5)and (6)weresolvedfor
severalhundredpointsin theflowfieldwiththeuse of electroniccal-
culatingmachinesemployingpunchedcards. The valuesof theair veloc-
itycomponentsUz and Ur as f’~ctio~s of r and ~ me gf,ven in

figure3. Figure3(a)gives Uz as a ~ction of z forConstmt
valuesof r, whilefigure3(b)gives Ur as a functionof r for
constantz.

Assumptionsthatarenecessaryto the solutionof theproblemare:

(1)At a largedistanceaheadof the ellipsoid(free-streamcondi-
tions),the dropletsdo notmovewithrespecttm the air.



l?ACATN 3099

(2)No gravitationalforceactson the droplets.

[3)The droplet.arealwayssphericalanddo not changein size.

Thefirsttwoassumptionsarevalidf’ordropletssmallerthan
drizzleor raindrops. Thea~sumptio~sareusuallyalsovalidforfall-
ingraindrops,becausetheairplanevelocityisusuallymuchgreater
thanthedropvelocitycausedby gravitationalforce. Preliminarycal-
culationshaveshownthatthethirdassumptionis validfortheorder
of accuracyusuallyrequiredin thedesignof equipmentforthepro-
tectionof aircraft.

METHODOF SOLUTION

Thedifferentialequationsof motion(1)aredifficultto solve,
becausethe valuesof thevelocitycomponentsandthetermcontaining
the coefficientof dragdependon thepositionof thedropat eachi,n-
stantand,therefore,arenotknownuntilthetrajectoryis traced.The
valuesof thesequantitiesmst be fedintotheequationas thetra-
jectoryof a dropletis developed.Thiswas accomplishedby usinga
mechanicalMfferentialanalyzerconstructedat theNACALewislabora-
toryforthispurpose<ref.1).

.
The answerswereobtainedin theform

of plotsof droplettrajectorieswithrespectto theellipsoid.A
typicalgroupof droplettrajectoriesis shownin figure4. Fromthe Q
droplet-trajectoryplotswereobtainedtheimpingementcharacteristics
of interestdiscussedin subsequentsections.

The equationsofmotion(1)weresolvedforvariousvaluesof the
psrameterl/K between0.1and90. For eachvalueof theparameter
l/K,a seriesof trajectorieswas computedforeachof severalvalues
of free-streamReynoldsnumber Reo: 0, 128,512,1024,4096,and8192.
In orderthatthesedimensionlessparametershavemorephysicalsignifi-
cancein thefollowingdiscussions,sometypicalcombinationsof K and
ReO arepresentedin tableI in termsof the lengthandthe velocity
of the ellipsoid,thedropletsize,andtheflightpressurealtitudeand
temperature.

Beforetheintegrationof theequationsof motionto obtainthe
trajectoriescouldbe performedwiththe differentialanalyzer,the
initialvelocityof the tiopletshadto be determinedat thepointse-
lectedas the startingposition.In addition,sincethe startingposi-
tionmustbe selectedat a finitedistanceaheadof the ellipsoid,it
wasnecessaryto makea correctionto thisstartingordinatein order
to obtainthe correspondingstartingordinater. at z = -m. Pre-
liminarytestsshowedthat,from z = -Q to z = -2,thetrajectories
and streamlineswereessentiallycoincident.Furthermore,between
z = -2 and z = -1,themagnitudeof the changein theair velocity

w
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componentswithchangein r wasnegligiblysmall(fig.3) compared
d withunityon the air velocityscaleusedin solvingthe equations.

Consequently,thechangesin the dropletvelocityandtheordinater
alonga @ven trajectorybetween z = -2 and z = -1 wereessentially
independentof the startingr valueor of the valueof R%. There-
fore,a trajectorywas runbetween z = -2 and z = -1 foreachvalue
of l/K in orderto obtainthe correctstartingconditionsat z= -1.
By thismethodit waspossibleto solvethe trajectoriesstartingat
z = -1 sothat,withintheaccuracyof themachine,thiswouldbe
equivalentto stsrtingthetrajectoryat an infinitedistanceaheadof
the ellipsoid.

In orderto minimizeerrorsdueto changesin thelengthof the
paperusedon theair velocityinputdrumscausedby humidityandtem-
peraturevariations,thecomponentvelocitiesof theflowfieldshown
in figure3 wereplottedon 20-by ~-inch sheetsof glasstracing
cloth. A finegridwas ltidouton thetracingclothwitha plotting
machineconstructedforthispurpose.The droplettrajectories(fig.4)
wereplottedby thedifferentialanalyzeron sheetsof acetatein order
to minimizescalechangesanddamagedueto handling.Ther-ordinate
of thetrajectoryplotswas scaledto 4 timesthe z-ordinatein an

. effortto improvetheaccuracyof determiningthepointof dropletim-
pingementon theellipsoidsurface.Withthisdistortedscale,the
trajectorieswereplottedwithrespectto an ellipsoidsectionwithai
majorsxisof 30 inchesanda minortis of 24 inches.The accuracy
withwhichthe variousdropletimpingementcharacteristicscouldbe
obtainedis discussedin thefollowingsection.

RESUZTSANDDISCUSSION

A seriesof droplettrajectoriesabouttheellipsoidof revolution
witha finenessratioof 5 at zeroangleof attackwas computedforthe
variouscotiinationsof thedimensionlessparametersK and Reo.
Thesedataare summarizedin figure5, wherethe startingordinater.
of eachtrajectoryis givenas a functionof thepointof impingement
on the surfaceS. -{S is thedistancemeasuredalongthe surfacefrom
theforwardstagnationpointto thepointof impingement;therelation
between S and z and r is givenin appendixB.) Thedashedlines
in figure5 arethe lociof theterminiof the constantK curves.
Theselociwerefoundto be the same,withintheorderof accuracyof
thecomputations,forall valuesof R%, as canbe seenby comparing

.

.

figures5(a)to (f). The bt-dashedcurvesamongthe constantK curves
for R% = 4096and R% = 8192(figs.5(e)and (f))wereobtainedby
interpolation.Fromthe datapresentedin thisfigure,therate,the
area,andthe distributionof water-dropletimpingementon the surface
of the ellipsoidcanbe determinedforgivenvaluesof R% and K.
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TotalRateof Impingementof Water

In flightthroughcloudscomposedof dropletsof uniformsize,the
v

totalamountofwaterin dropletformimpingingon the ellipsoidis
determinedby theamountofwatercontainedin the volumewithinthe
surfaceformedby thetangenttrajectories(fig.1). Therefore,the
totalrateof impingementofwater(lb/hr)canbe determinedfromthe
relation

where
hour,
is in

Wm = 0.33flr~,tan~L2U (7)

0.33is a conversionfactor,theflightspeed U is inmilesper
the liquid-watercontentw is in gramsper cubicmeter,and L
feet. Whenconstantsarecombined,

In thisequation~r~,tan

causeit is proportional

(8)

is a measureof theefficiencyof catch,be-
to the collectionefficiency(~ = loor~,tan)~

definedas theratioof theactualamountof waterinterceptedby the
ellipsoidto thetotalamountofwaterin ti-opletformcontainedin the
volumesweptoutby the ellipsoid.

Thevalueof ro,tan fora givencombinationof Reo and K can
be obtainedfromfigure5 by determiningthe valueof r. whichcorre-
spontito themaximum S forthe constantK curveof interest,The
valuesOf ro,tan fallon thedashedterminicurvesof figure5. In
orderto facilitateinterpolationandextrapolation,the dataarere-
plottedin theformof r~ tan as a functionof K forconstantReo

)
in figure6. Examinationof figure6 showsthat r~,tan increaseswith

increasingK but decreaseswithincreasingReO.

The accuracyof thedeterminationof ‘O,tan is verymuchdependent
on the shapeof thetangenttrajectoryin the-vicinityof the surfaceof
theellipsoid.For example,forthe combinationof l/K= 1 and
R% = 4096shownin figure4, the shapeofthetangenttrajectoryandits
neighboringtrajectoriesis suchthata smallincreaseof the orderof
0.0007in r. abovethetruevalueof ro,tan willresultin a trajec-

torythatdefinitelymissesthe ellipsoid.A similarslightdecreasein
the valueof r. willresultin a trajectorythatunmistakablyimpinges
on the surface.Thetangenttrajectoryi6,therefore,relativelyeasy

Y

.

x
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to determineforthiscase;“and ro,tan can,therefore,be determined
* to an accuracyof theorderof +0.0003.However,for a combinationof

l/K and ReO thatresultsin smallvaluesof ro,tan,suchas shown
in figme 4 for l/K= 30 and ReO = 512,the crowdingtogetherof the
trajectoriesnesrtheellipsoidandthetendencyof thetrajectoriesto
havethessmeshapeas theellipsoidsurfaceresultin a possibleques-
tionas to thetruevalueof ‘O,tan” Trajectorieswith r. as much
as 30 percentsmallerthanthetruevalueof ro,tan mayappesrto be
tangent.Therefore,in orderto avoidselectinga trajectorythatis
notthetangentwhendeterminingro,tan,thevalueof ro was in-
creasedby smallincrementsuntila trajectorydefinitelymissedthe
ellipsoid.Thus,an upperMmit to theregionof possibletangencywas
establishedandusedas a guidewhenselectingthetangenttrajectory.
Withthismethodfordeterminingthetangenttrajectory,theaccuracy
of ro)tan in this ReO and K regioniswithin+0.0007for values

>0.01.‘f ‘0.tan— Forreportedvaluesof ro,tan< 0.01,theaccuracy
.

1 in determiningthetangenttrajectoryis somewhatindefinite,but appears
1 to be withinM.001.

The effectofbodysizeon the valueof r~-,tanfor selectedcloud.
dropletsizeandflightconditionsis illustratedin figure7. The cal-
culatedvaluesgivenin figure7 forellipsoidswitha finenessratio

w of 5 andmajoraxislengthsbetween3 and303feetareforflightat 50,
100,3CQ,or 500milesperhourthroughuniformcloudscomposedof drop-
letsof 10,20,or 50 micronsin diameterat pressurealtitudesof 5000,
15,0CX),or 25,000feetandtemperatures(mostprobableicingtemperature
givenin ref.4) of 20°,1°,and -25°F, respectively.For exsmple,
considera 40-foot-longellipsoidwitha fimenessratioof 5 traveling
at 500milesperhourwithzeroangleof attackat a pressurealtitude
of 15,000feetthrougha uniformcloudcomposedof dropletsof 20 microns
in diameter.Fromfigure7(b)7r~,ta is 0.0001_14.If theliquid-
watercontentof the cloudis assumedto be 0.1grsmper cubicmeter,
then (fromeq. (8))thetotalrateof impingementof water Wm is 9.5
poundsper hour.

Extentof DropletImpingementZone

Theextentof the dropletimpingementzoneon the surfaceof the
ellipsoidis obtainedfromthetangenttrajectories.Thepointof tan-
gencydeterminestherearwardlimitof theimpingementzone. The limit
of impingement~ fora particularReo and K conditioncanbe
determinedfromthemaximum S valueof theconstantK curveof
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interestin figure5. Again,to facilitateinterpolation,thedataare
replottedin theformof ~ as a functionof K forconstantReO
valuesin figure8. Thedataof thisfigureindicatethat ~ in-
creaseswithincreasingK but decreases~th increasingReO.

Becauseof thedifficultyof determiningtheexactpointof tan-
gencyon the surfaceof theellipsoidof eachtangenttrajectory,the
accuracyof determiningSm is of theorderof +0.005.The accuracy
of determiningthevalueof S forthe intermediatepointsof impinge-
mentgivenin figure5 waBmuchhigher,becausethepointsatwhichthe
intermediatetrajectoriesterminatedon theellipsoidsurfaceweremuch
betterdefined.

Theeffectofbodysizeon the valueof ~ forselectedcloud
dropletandflightconditionsis illustratedin fi~re 9. Forexample,
considera 20-foot-longellipsoidwitha finenessratio“of5 traveling
300milesperhourat zeroangleof attackat a 5000-footpressure
altitudethrougha uniformcloudcomposedof 50-microndroplets.From
fi~re 9(a),~ is 0.109j thatis,theimpingementzoneextends2.18
feetrearward(measuredalongthe surface)fromtheforwardstagnation
point.

Distributionof ImpingingWaterAlongE1.li~soidSurface

Theamountof waterimpingingon the ellipsoidsurfacewithinany
ringof width s~- s~ canbe determinedif the startingordinatear.
areknownforthedropletsthatimpingeat S1 and S2. Thesedata
canbe obtainedfromfigure5,

Theamountofwater
S2- S1-isgivenby the

w

(lb/hr)impinging.withintheringof width
relation

= 1.04(r!. - r! ;)wL% (9)
‘ U,d V,l’

LocalRateof Impingementof Water

The localrateof impingementof water_indropletform
(lb/(hr)(sqft))on thesurfaceof theellipsoidcanbedeterminedfrom
theexpression

r. dro
Wp= o.33Uw7@--= 0,33uwp (10)

-.

G“8—

.
v

—

.

~=

*
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where @ is the localimpingementefficiency.The valuesof 13 as a
. functionof S forcombinationsof ReO and K arepresentedin fig-

ure 10. Thesecurveswereobtainedby multiplyingtheslopeof the
Jcurvesin figure5 by thecorrespondingratio r r at eachpoint. The

dot-dashedcurvesincludedfor R% = 4096and ReO= 8192wereobtained
fromthe correspondinginterpolatedcurvesof figure5. Becausethe
slopesof the ro againstS curves(fig.5) in theregionbetween
S= Oand S= O.Olare
between S = O and S =
in thisregionbetween
within+0.05.

IMPINGEMENT

Thedatapresented

difficultto
0.01arenot
S=OandS

IN CIXKLDSOF

in figures5

determine,the exactvaluesof ~
known. The valuesof p presented
= 0.01areestimatedto be accurate

NONUNIFORMDROPLETSIZE

to 10 wouldap@y directlyonlyto
flightsin cloudscompoeedof dropletsthatareall.uniformin size.
The-dropletsin a cloud,however,~Y havea rame of sizes- ~eoreti-
calcalculations(ref.5) md experiencein theNACALewisicingre-
searchtunnelonbodiesof revolutionhaveshownthattheamountof ice
collectedwhen a distributionof dropletsizesis presentin thetunnel.
is considerablygreater thanthatwhichwouldbe obtainedif onlydrop-
letsof the volume-mediansizewerepresent.Therefore,if the cloud

. droplet-sizedistributionis knownor canbe estimated,thenthedata
mustbe-accordinglymodified(orweighted)beforetherate,theextent,
andthe distributionof dropletimpingementon theellipsoidare
calculated.

Fora nonuniformcloud,thetotalrateof impingementof wateron
the ellipsoidcanbe determinedfromequation(8)by usingtheweighted

o tan thatcorrespondsto thedroplet-sizedistributionvalueof rz

presentin tie cloud. Theweightedvalueof 2‘O,tan canbe obtained
by plotting‘~,tan foreachdropletsize(basedon valuesof K and
ReO correspondingto eachtiopletdiam.)as a functionof thecumula-
tivevolume(inpercent)ofwatercorrespondhgto eachdropletsize
andintegratingtheresultantcurve. For example,considerthecloud
droplet-sizedistributionshownin figureil..Supposethatthe volume-
medi.andropletsizeis 20microns,the velocityis 200milesperhour,
theellipsoidlengthis 10 feet>thepress~e altitudeiS 5~ feet)and
thetemperatureis 20°F. Fortheseconditions,the valueof ‘eO,med
is 117.6andof ~ed is 0.03398.The valuesof Reo and K corre-
spondingto otherdropletsizesin the
~ltiplying ‘eO,medby ~%ed and

.

distributionareobtainedby
%ed by (d/~ed)2 ad areused

.
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G

tO obtah r~, tm. (fig.6) foreachtiopletsize. The valuesof
2
‘O,tan forthisexampleareplottedas a functionof cumulativevolume .

‘(inpercent
A
in figure12. Integrationof thiscurvegivesa weighted

valueof r0,tan equalto 0.000425j whereas,the valuebasedon the

volume-mediandropletsizeis 0.00031(fig.6).

The localrateof impingementofwaterat anypointfora distribu-
tionof dropletsizescanbe obtainedin the samemanner.Theextent 8
of thedropletimpingementzoneshouldbe determinedfromthe valuesof
K and Reo

8
calculatedforthe largestdropletspresentin sufficient

numberto representa significantportionof thetotalwaterpresent
in the cloud.

CONCLUDINGREMARKS

The scalefactorsusedin thedifferential
equationsfortherangeof conditionspresented
thenear-parallelismof thetrajectoriesto the

analyzerto solvethe
in figmes 5 to 10 and
surfaceat largevalues

of l/K madeit impossibleto obtainsufficientaccuracyto present
detaileddata,suchas therateof localimpingementof water,at points “
alongthe surfaceof the ellipsoid,forvaluesof l/K> 90 for Reo= O
and l/K> 30 for Reo> 128. FromtableI it canbe seenthat,for .

bodiesas largeas thefuselageof cargoor~assengerairplanes,these
conditionsarenotuncommon.Examinationof figures5 and10 shows,
however,thattheextent(ueually~< 0.03)andrateof localimpinge-
mentaresmallin this ReO and K region.Therefore,in thisregion
a lmowledgeof theextentof theimpingementzoneandthetotalrateof
impingementofwateras calculatedfromthedataof figures8 and6,
respectively,is sufficientformostapplications.

Becausethedroplettrajectoriesabouttheellipsoidwerecalcu-
latedforincompressiblefluidflow,a questionas to theirapplicability
at thehighersubsonicvelocitiesmay arise. In reference6 itwas
shownthattheeffectof compressibilityup to theflightcriticalMach
numberon thetrajectoriesabouta cyltnderwasnegligible.In viewof
theresultsobtainedforthe cylinderandof thehighflightcritical
Machnuniber(greaterthan0.9)fortheellipsoid,theellipsoidimpinge-
mentresultsshouldbe applicableformostengineeringusesthroughout
the subsonicregion.

Thedataof thisreportapplydirectlyonlyto ellipsoidsof revo-
lutionwitha finenessratioof 5. Therefore,considerationmustbe
givento thedegreeof geometricandaero@mmd.csimilaritybefore .

.



NACATN 3099 13
.

.

C-No
LNo

applyingthe datato bodiesof revolutionwithothershapes.In some
cases,wherethebodyis of differentshape,itmaybe possibleto match
itsnosesectionphysicallywiththenosesectionof an ellipsoid(fine-
nessratio,5) of selectedlength.If,in sucha case,thecontribution
of theafterbodyto theair-flowfieldin the vicinityof thenoseof
thebodyis small(asit oftenis),thenthe impingementdataforthe
matchingportionof the surfaceof the ellipsoidcanbe usedfordeter-
miningtheimpingementcharacteristicsof thenoseregionof thebody.
In othercases,wherethebodyshapediffersfromthatof m ellipsoid
butthefinenessratiois the same,theair-flowfieldmaybe similar
enoughthatan estimateof thetotalcatchcanbe obtainedfromthe
ellipsoiddata. In thiscase,no detailsof the surfacedistribution
of impingingwatercouldbe obtained.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,November20,1953

.
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APPENDIXA

.

.

CALCUIJQIONOF VELOCITYFIELDA60UTAN ELLIPSOIDOF REVOLUTION

The incompressiblenonviscousvelocityfieldforaxisymmetricflow
aboutan ellipsoidof revolution

Considera prolate-elliptic
(fig.1) definedby

canbe obtainedas follow6:

coordinatesystem

r=? sinh~ sin~
J

where

O~~~m and 0511 c2fi

Thecoordinatesz and r aredimensionless

Then

(Al)

in the z,rplane

andareexpreaeedas
a ratioto themajoraxisof.theellipsoidof revolutionof interest.
Examinationof equation(Al)showsthat ~ = constantand v = constant
repreeentconfocalellipsesandhyperbolas)r“espectivelyjwitha dimen-
sionlesssemifocaldistanceof 2a/L.

Let

A = cosh~

and

P = C06~

\

.% .-=
oto

and (A2)

“
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where

and A = con6tantand v = con~tantalsorepresentconfocalellipses
andhyperbolas,respectively(fig.2). Themajoraxisof eachellipse
is alongthe z-axis.

C.No The velocitypotentialexpressedin AZV coordinatescanbe ob-
W0 tainedfromzonalsurfaceharmonics(refs.3, 7, and8) andexpressed

in thefollowingdimensionlessform:

(A3)

where 0’ hastheusualdimensionsof velocitypotential.

Foran ellipsoiddefinedby the surfaceA. = constantin a fluid
movingwitha free-stresmvelocityof U in thedirectionof the z-axis

. of theellipsoid,the constantC is givenby

2a
. LC=AO ?@l

—- &l-
?@ ~-l

(A4)

The coordinatesA and w canbe expressedin termsof z,rcoordinates
as follows:

and

(AS)

(A6)

;he:co:6;:@=Fis theeccentricityof the ellipsedefinedby

o- . If the surfacecoordinatesof the ellipseof eccentricity

c aresubstitutedin (AS),it is foundthat
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Thenequation(A3)canbe expressedin theform

( )
@=CN $Aln ~-1 -;Ap

where

c - 1/2~

(-)

1,$ln ~ -—
1-E2

NACATN 3399
“

(A7)

In addition,equations(AZ)taketheform

z=&p

and

The A and v velocitycomponentsareobtainedfromtherelations
*

and

(A9)
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.

The z and r velocitycomponentsin the zjrcoordinatesystem
areobtainedfromequations(A8)and (M) as follows:

{AI-O)

and

The velocity.
of z and r by
(AIO)and (AIJ_):

uz=-

and

(All)

componentsUz and Ur canbe mitten as a function
substitutingequations(A.5) and (A6) intoequations

‘[:’.~*) -*(;+*)]+. (5)

where

(6)

and C is givenin equation(A7).
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v
The solutionof equations(5)and (6)at severalhundredpointsin

theflowfieldforan ellipsoidof revolutionwitha finenessratioof
5 (c= ~~”) was accomplishedwiththeuse of electroniccalculating
machinesemployingpunchedcards. The valuesof Uz and Ur as func-
tionsof r and z aregivenin fi~re 3. Figure3(a)gives Uz as
a functionof z forconstantvaluesof r,‘andfigure3(b)gives Ur
as a functionof r forconstantz.

o

:
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APPENDIXB

REL&l?IONBETWEENDISTANCEALONGSURFACEOF ELLIPSEAND Z AND r

The lengthof arcof an ellipsecannotbe reducedto an elementary
functionof z and r,but ratherbelongsto the classof functions
knownas ellipticintegrals.The lengthof arc S as a functionof
z and r is obtained(bythemethodof ref.9) as follows:

The equationforan ellipsein thez,rplanecanbe written
parametrically

d
3 where A and
d2 of the ellipse
~
J- Then
>

in termsof 6 as follows:

z=Asin8

1

(Bl)
r =Bcose

B are,respectively,the semimajorandsemiminoraxes
(fig.1).

~2=d~2+ti2=
[ 1[ 1
A2COS28+ B2 sin20 d82=A2- (A2-B2)sin% dB2

and

Thisfunction

where

denotesthe eccentricity.

is of theform

(B2)

(B3)

O<k<l

whichis knownas theEllipticIntegralof theSecondKindin LegendreIs
. form. Tabulatedvaluesof thisfunctionareavailable(ref.10).

.
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.

Forthepurposesof thisreport,the distancealongthe surface
measuredfrom-thenoseof thebody
or,

s =A(~’2J-’

where

(z = -0.5and r = O)

d, - ~“ ~-

A = 0.5

and

k2 = ~2 = 0.96

is desired,

)
de (B4)

Therelationbetween S and z computedfromequation(B4)ie
shownin figure13. Therelationbetween S and r is givenby the
l/K= O curveof figure5, inasmuchas r = r. forinfinitelylarge
valuesof K.

.
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